Abstract: A new DEA model has been introduced recently combining the primal and the dual models in order to impose strong complementary slackness conditions. It was claimed that a reference set that contains the maximum number of efficient units can then be determined. The model is very interesting as a theoretical idea. However, not only does the computational burden increase significantly, but it seems also that the basic matrices may be inherently ill-conditioned, leading to wrong results. Numerical experiments have been carried out on two real datasets of medium size with 163 and 920 units. These experiments show pervasive existence of ill-conditioned matrices leading to obviously wrong estimates of efficiency scores, and units declared as efficient reference units while actually being inefficient.
Introduction
In a series of recent papers (Sueyoshi and Sekitani 2007a, b; Sueyoshi and Sekitani 2009; Sueyoshi and Goto 2010 ) a new DEA model was introduced combining the primal and dual DEA models and imposing strong complementary slackness conditions. A main purpose of the new model, termed DEA/SCSC in Sueyoshi and Goto (2010, p. 3), was to identify all possible optimal solutions, i.e. to find all units in the reference sets for each unit under study.
The new DEA model is very interesting as a theoretical idea. However, Sueyoshi and Sekitani (2007a , p. 1941 ) and (2009b ) underlined a drawback with the method that it increases the computational burden, thus the proposed formulation needs a considerable computation time in solving a large data set. Indeed, there seems to be some serious numerical problems with their approach. By including constraints securing that strong complementary slackness conditions are obtained, the size of the problem increases significantly in comparison with the standard DEA model introduced in Banker et al. (1984) (BCC) . Thus, the size of the proposed model and the inherent problem of comparability of measurement units may result in ill-conditioned basic matrices.
Although the wish to find complete solutions are mentioned by many DEA researchers, Cooper et al. (2006, p. 125) warn against trying to find all solutions by stating "Chasing down all optimal solutions can be onerous." The purpose of this note is to follow up this remark and address problems that may be encountered by applying a model that promises to find all optimal solutions, by conducting computational experiments, addressing middle-sized problems using two real-life datasets. The method of Sueyoshi and Sekitani seemingly works correctly for small datasets, like the constructed set in Sueyoshi and Sekitani (2009, p. 782) , consisting of six units with two inputs and a single output, but in our experience not for medium-sized problems.
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We will only use the BCC models as the reference models and only consider radial efficiency measures. It is underlined in Sueyoshi and Sekitani (2007b, pp. 558,559); (2009, p. 782) ; Sueyoshi and Goto (2010, p. 4 ) that the new model shall give identical efficiency scores as found by solving the BCC model. We will use this as a criterion when evaluating the results of the new model.
The plan of the paper is as follows: In Section 2 we present the BCC models and the DEA/SCSC model. The computational experiments including a comparison between BCC and DEA/SCSC results for efficiency scores, reference sets and dual variables are presented in Section 3. Concluding remarks and ideas for future research are presented in Section 4.
Strong complementary slackness
We will limit our investigation to a BCC model extended to the DEA/SCSC model, following Sueyoshi and Sekitani (2007b) . 1 The primal and dual versions of the BCC model, specified as input-oriented, are: 
The first four conditions are from the primal model (1a), and the next three conditions are from the dual model (1b). The condition (2) and also in the three last constraints (Sueyoshi and Sekitani 2007b, p. 559; 2009, p. 782 ).
Their method is very interesting approach as a theoretical idea. However, it may not be efficient from computational point of view, especially for the large-scale problems. The size of the model (2) increases significantly in comparison with the BCC model; to be more exact, the size of model (2) is measured by the total number of rows multiplied with the total number of columns
, where the number of inputs is m, the number of outputs is r, and the number of production units is n.
Remember that the size of the BCC model is
, and ) ( r m  is usually much less than n .
Moreover, economic interpretation of some constraints of model (2) does not make sense because in model (2) one has to add variables measured in quite different units during the solution process; this is without meaning. The two aspects pointed out above may result in ill-conditioned basic matrices.
Numerical experiments
We first investigated the behaviour of the DEA/SCSC model by using a constructed dataset of only five units and two inputs and a single output taken from Krivonozhko and Førsund (2009) .
2 This dataset is of about the same dimension as the constructed datasets in Sueyoshi and Sekitani (2009, p.782) . 3 The solutions of the two models for the efficiency score and the dual variables are identical with efficiency scores both equal to 2 To the dataset shown in Figure 1 there we add an inefficient unit F (4, 4, 3/2). 3 We also run this dataset having six units and two inputs and a single output, using our software and got the same results (Sueyoshi and Sekitani (2009, p.783) , confirming the correct performance of the DEA/SCSC model for small datasets.
Input 2 5/4 3 1 5 2/3 4 Output 9/8 3/2 3/2 3 1/2 3/2 6 0.5, all dual variables for input and output constraints are positive and equal, and the dual variables for the convexity constraint are equal. However, the units of the reference sets differ, having one more unit in the reference set of the DEA/SCSC model in addition to the same two reference units in the BCC model. This is to be expected. Naturally, the weights then differ. In principle, if the reference set is unique we should get the same reference set for the two models. However, when there are multiple reference sets the DEA/SCSC model will give us all the reference units, so we would expect the latter model to give us more reference units. The reference units appearing in the solution of the BCC model should then be included in the reference set given by the DEA/SCSC model.
In order to investigate our suspicions about what will happen when using larger real datasets, we conducted computational experiments using two middle-sized models. For the first model, call it Model 1, we took the data for electricity utilities in Sweden 1987;
see Førsund et al. (2007) . Max, min and mean statistics are shown in Table 1 . The number of production units in this model is 163. Inspecting the solutions of the dual variables for the two models set out in Table 3 we see Cooper et al. (2006) . However vector S u  is not perpendicular to the slack facet since both u 1 and u 3 are positive (u 2 and u 4 zero), according to model (2) ( Table 3) .
So, the strong complementary slackness conditions are not satisfied, in the sense that both variables from the dual pair 3 u and 3 s  are positive, this is because the model (2) generates ill-conditioned basic matrices during the solution process.
The point is that when "astute" mathematicians write strong complementary slackness conditions, they consider them just as conditions, i.e. they keep in mind that only one variable of the dual pair of variables is nonzero. The situation is quite another if somebody uses SCSC model as a solution procedure, in this case one has to add quite different variables measured in different units during the solution process.
Solving the input-oriented problem BCC model (1a) Max, min and mean statistics for banks are shown in Table 5 . We have solved the BCC input-oriented model (1a) and the DEA/SCSC model (2) optimal solution do not form a proper reference set, since unit 48 and unit 898 are inefficient, their efficiency scores are equal to 91 % and 78 %, respectively.
Inspecting the solutions of the dual variables for the two models set out in Table 4 we see As a consequence, the condition number of the basic matrices for model (2) also increases significantly. Remember that the condition number of a matrix (Wilkinson, 1965) 
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In our computational experiments with the BCC model and the DEA/SCSC model we calculated condition numbers for basic matrices of the BCC model (1a) and model (2) with the help of the software Mathematica 6.0. On the average, the increase of condition number values of model (2) in comparison with the BCC model (1a) is by factor 10 2 to 10 3 .
Thus, basic matrices of model (2) are ill-conditioned even for the middle-sized problems.
This explains why CPLEX program may not produce correct solutions using the DEA/SCSC model (2).
Conclusions
The motivation for introducing the DEA/SCSC model by Sueyoshi and Sekitani (2007a, b) and (2009) was to obtain complete solutions of efficient units being in the reference set of an inefficient unit. Although Sekitani (2009) and (2007b) pointed to increases the computational burden, no mentioning of potentially ill-conditioned basic matrices was done. However, we have demonstrated, first by pointing out the magnitude of the increase in the dimension of the basic matrices, and then by carrying out numerical experiments on medium-sized real data, that ill-conditioned matrices may easily occur and make valueless solutions offered by the DEA/SCSC model. Efficiency scores of the models differed in spite of the restriction that should obtain equality, and the DEA/SCSC model declared units, that where inefficient in the BCC model, actually belonging to the reference set when solving the DEA/SCSC model, i.e., the units were efficient according to the DEA/SCSC model, again violating the theoretical restriction.
We should also mention the inherent problem of the dimension of the variables in the strong complementary slackness constraints of the DEA/SCSC model. When a model violates such a fundamental feature that only variables with the same unit of measurement can be added up, then it is to be expected that ill-conditioned basic matrices may occur.
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Clearly, for the DEA/SCSC model to be applied successfully for real datasets larger than artificial small-scale data sets a special solution algorithm is required. The computational procedure proposed in Sueyoshi and Sekitani (2007b) is not really helpful because Step 1 there assumes that an optimal solution to (2) is found. Further research is warranted.
